Abstract: The existence and stability of limit cycles in discontinuous piecewise linear systems obtained by the aggregation of two linear systems of focus type and having only one equilibrium point is considered. By using an adequate canonical form with five parameters, a thorough study of some Poincaré maps is performed. Different bifurcations which are responsible for the appearance of crossing limit cycles are detected and parameter regions with none, one, two and three crossing limit cycles are found.
Introduction and preliminary results
Piecewise linear (PWL) systems are the natural extension of linear systems in order to capture nonlinear behavior and they are extensively used in model biological processes [4] as well as electronics and mechanical devices, see for instance [1] , [5] and [18] . Even for planar cases, the qualitative analysis of different possible behavior is a rather involved task, being the detection of limit cycles an important, non-trivial problem.
The simplest family of PWL systems is the planar case constituted by two linear systems matched along a straight line. The case of planar PWL systems with continuous matching along the straight line was carefully studied in [8] , where some canonical forms with only four parameters were obtained. In particular, by using these canonical forms, This work was partially supported by a MINECO/FEDER grant number MTM2009-07849 and the grant EXC/P08-FQM-03770 of Junta de Andalucía.
the existence at most of one isolated invariant closed curve (a limit cycle or an isolated homoclinic loop) was shown.
Always within the planar case, the discontinuous matching of two linear systems has recently deserved the attention by researchers. After the Filippov extension of the concept of solution to the discontinuity line [7] , many works dealing with discontinuous PWL systems have appeared.
In [10] and [11] , PWL systems with Z 2 symmetry were investigated. In [17] particular Filippov systems were both linear dynamics are of saddle type were studied. The Hopf bifurcation in non-smooth systems was studied in [12] , [3] and [19] . In fact, in [12] authors conjectured that the maximum number of limit cycles for the class of systems under study is exactly two. However, in [13] it was numerically obtained the existence of three limit cycles for a planar PWL system, but no analytical proof was provided. Recently, a computer assisted proof has been available, see [15] , and based on such a proof it is shown in [2] that the three limit cycles can be obtained through a boundary focus bifurcation. In this paper, as one of the goals to be achieved, we will give the lacking analytical proof. Even we conjecture that three is indeed the maximum number of limit cycles to be found, it is still needed a proof of this fact.
As claimed in [13] , the study of discontinuous PWL systems is a difficult task because of the absence of a canonical form able to cope with a sufficiently broad class of systems. To fill this gap, in [9] a Liénard-like canonical form with seven parameters was obtained; under the assumption of both linear focus dynamics, a simpler canonical form with only five parameters was also achieved. Even for the two foci cases, the number of qualitatively different phase portraits is great, so the study made in [9] was restricted to the case without equilibria in both open half planes. Particular instances of this last situation previously appeared in [16] . This paper can be properly considered as a continuation of the work in [9] . Thus, we consider PWL systems where both dynamics are of focus type and the system has only one real equilibrium, procrastinating the cases with two real equilibria for a future work. We investigate the dynamical behavior of this family by studying mainly the existence and stability of the so called crossing limit cycles. We will provide, following a bifurcational approach, a particular mechanism to explain the existence of three limit cycles in a certain open set of the parameter space. Thus, we confirm analytically the phenomenon numerically observed in [13] for a specific system. Furthermore, we show that the non-genericity of the example in [13] , where the two involved vector fields vanish at the same point, is not needed at all.
In the study of planar piecewise linear systems with two zones separated by a straight line, we can assume without loss of generality that the discontinuity line is Σ = {(x, y) : x = 0}. If we define now the open sets S − = {(x, y) : x < 0}, S + = {(x, y) : x > 0}, the systems to be studied can be written as
Here x = (x, y) T ∈ R 2 , A + = (a T are constant vectors of R 2 . The restriction of the system to each half-plane is a linear system and so, orbits are well defined while they evolve without touching the y-axis. However, we must adopt some criterion to define the orbits arriving at the discontinuity line. When a solution arrives at the point (0, y) belonging to Σ, different things can occur.
If F + 1 (0, y)F − 1 (0, y) > 0 then both vector fields are transversal to the discontinuity line and their normal components have the same sign. In this case, we will assume that orbits are concatenated in the natural way. We say that this point is a crossing point, so that the crossing set Σ c is defined as follows
(0, y) 0 then we say that this point is a sliding point. The sliding set Σ s , which is the complementary set in Σ of the crossing set, is defined as,
As usual, when a orbit arrives at the sliding set we will adopt the Filippov convex method, see [14] .
Since we are interested in the study of non-trivial periodic orbits, we look for posible periodic orbits not totally contained in either S + or S − . If these orbits have sliding points they will be called sliding periodic orbits. Otherwise, we speak of crossing periodic orbits, whose study is the main goal of this paper.
When a
0, it is easy to see from (2) that the crossing set, if it exists, is an open interval of the y-axis, unbounded for a In any case, the x-component of both vector fields has constant sign at the crossing set and so elementary qualitative arguments preclude the existence of crossing periodic orbits. This case will not be considered in the rest of the paper and we assume in the sequel a
As it was shown in Proposition 3.1 of [9] , discontinuous planar piecewise linear systems (1) under the assumption a + 12 a − 12 > 0 can be transformed by means of a certain homeomorphism into the Liénard canonical form,
where T + , T − denote the traces and D + , D − denote the determinants of matrices A + and A − , respectively. It is worth noting that the discontinuity line remains invariant under the above homeomorphism. Moreover, crossing and sliding sets, tangency points and boundary equilibria of the original system are transformed by the quoted homeomorphism into sets and points of the same type for system (4). More precisely, such a homeomorphism induces a topological equivalence between systems (1) and (4) for all their orbits not intersecting the sliding set or for the ones having at most the tangency points in common with the sliding set. Also, the attractive or repulsive character of the sliding set is preserved, see [9] .
As mentioned before, we assume that both dynamics are of focus type, that is T 2 − 4D < 0 in the two zones. Then, we know that matrices A ± have the eigenvalues λ ± = α ± ±iω ± with ω ± > 0, so that in the canonical form (4) we have
By introducing the parameters
ω − , and doing the change of variables (different for each half-plane)
, , where ω(
it was proved in Proposition 4.1 of [9] that canonical form (4) reduces to
where for the sake of convenience we will put (5) is invariant under the transformations shown in Table 1 so that, after applying if needed symmetries Π 1 or Π 2 , it is not restrictive to assume b 0. Table 1 . Symmetries of canonical form (5).
When b > 0, the sliding set of our canonical form is given by
shrinking to the origin for b = 0. Accordingly, the crossing set is the open set Σ c = Σ\Σ s . In the case b > 0, the convex method of Filippov leads to the sliding vector field,
to be considered only on the sliding set. Note that from [14] , as the x-components of both vector fields at the sliding set Σ s points outwards from Σ s , the sliding set is unstable in the normal direction, so that the sliding set is usually called escaping sliding set.
For the points where one of the right hand-sides in (5) vanishes, we distinguish as usual between real and virtual equilibrium points. More precisely, e L = (x L , 2γ L x L ) is a real equilibrium point when x L 0, being virtual when x L > 0. In the critical case x L = 0 we speak of a boundary equilibrium point. Note that the origin is a visible tangency point for x L < 0 (invisible, for x L > 0) for the left vector field, see [14] .
Similarly, e R = (x R , 2γ R x R ) is a real equilibrium when x R 0 (boundary equilibrium point if x R = 0) and virtual when x R < 0. Moreover, the right vector field has a visible tangency point for x R > 0 (invisible, for x R < 0) at the point (0, b). Note that for b = 0 the origin is a double tangency point, provided that x L x R = 0.
Points (0, y) ∈ Σ s with g(y) = 0 in (7) act as well in some sense as equilibria of system (1) and they are called pseudo-equilibria for system (5) . From (7) we deduce that our system has a pseudo-equilibrium point only when a R a L < 0, and then it is given by (0,ȳ p ) with
Note that at the pseudo-equilibrium point (0,ȳ p ) the two vector fields of (5) become anticollinear. Next, in Section 2 our main results are presented.
Statement of main results
We concentrate our attention in system (5) with b 0 assuming that there exists only one equilibrium point in the interior of the zones S − , S + , so that we must have x R x L > 0. The case when the system has no real equilibrium points in the interior of the open regions S − , S + was studied in [9] , where it was shown the possible existence of two crossing limit cycles.
Without loss of generality, we can assume x R < 0 and x L < 0, that is, the only equilibrium is located in the left zone, otherwise it suffices to apply the transformation Π 3 of Table 1 .
Next, we give our first result on limit cycles which is related to the case when the sliding set reduces to the origin.
Theorem 1 (singleton sliding set, b = 0). Assuming in system (5) the conditions b = 0, x R < 0 and x L < 0, the following statements hold.
(a) If γ R γ L 0 and γ R + γ L = 0, then there are no crossing periodic orbits.
(b) If γ R = γ L = 0, then every orbit is a periodic orbit and the configuration is a global center.
0, then there are no crossing periodic orbits.
then there is only one crossing periodic orbit which is stable for γ L > 0 and unstable for γ L < 0.
Since the equilibrium point is in the interior of the left zone, its stability is clearly determined by the sign of parameter γ L . Later on, we will establish that the stability of the point at infinity, that is the equator of the corresponding Poincaré sphere, is determined by the sign of γ L + γ R . Hence, roughly speaking, Theorem 1 states that we have one limit cycle on the condition that the origin and the infinity have different stabilities.
For b = 0, the sliding set is a segment with two tangency points at its endpoints: a visible tangency at the origin for the left vector field and a invisible tangency at the point (0, b) for the right vector field. However, this sliding segment is stable for b < 0 and unstable for b > 0. Such a change of stability is in fact the bifurcation phenomenon called V I 1 in [14] .
When b > 0, the sliding vector field (7) for x L < 0 and x R < 0 must be taken into account. Then we haveẏ > 0 in the sliding dynamics and there are no pseudo-equilibrium points. Since the sliding set is repulsive, the only orbit arriving at the sliding set is the tangent one while for reversing time all the sliding orbits leave the sliding set at the origin. Then, in order to establish the existence of sliding periodic orbits we only have to study the orbits through the origin. According to [14] , note that it is possible the existence of invariant closed curves backwards in time which are not invariant forward in time; in this case, we speak of backward-invariant closed curves.
Next, let us consider the existence of sliding periodic orbits forward and backward in time.
In forward time, the tangent orbit at the origin enters in the sliding set Σ s and slides along Σ s towards the point (0, b). Next, it evolves in the left zone around the equilibrium point e L , either finally arriving at e L or coming back to the line x = 0 at a point (0, y 1 ) with y 1 0. If y 1 < 0, then from the point (0, y 1 ), the orbit never returns to the sliding set, so that we have no sliding periodic orbits. If y 1 = 0, we have a sliding periodic orbit. Thus, the only sliding periodic orbit in forward time appears when the orbit starting at the point (0, b) passes through the origin.
To analyze the possible sliding periodic orbits backward in time, we can discard the case γ L > 0, for then when an orbit abandon the sliding set at the origin never returns to the sliding set, approaching the equilibrium point e L . Thus, assume to fix ideas that γ L 0 and let us introduce the pointp = (0,ŷ) withŷ 0 such that the orbit forwards in time of the left vector field starting at the pointp passes through the origin. Also, we define the point p * = (0, y * ) with y * < b such that the orbit forward in time of the right vector field starting at the point p passes through the pointp. Different cases appear by considering the position of the pointsp and p * . If 0 ŷ b then the pointp belong to the sliding set. The caseŷ = 0 corresponds with a linear center in the left zone, that is γ L = 0, and we trivially see that the system has no sliding periodic orbits. Assumê y > 0, then, always backward in time, the orbit slides along the line x = 0 to the origin. Consequently, we detect by going backward in time a closed sliding orbit which only uses the left zone and surrounds the equilibrium e L , see Figure 1 . Note that ifŷ = b, then the limit cycle uses the full sliding set and thus we have the only sliding periodic orbit that can also be detected forward in time. Ifŷ > b, then the pointp belongs to the crossing set. Next, by going backward in time, the orbit through the pointp will enter in the region S + surrounding the tangency point (0, b) to come back again to the line x = 0 at a point (0, y * ) with y * < b, see Figure 1 . If y * 0, then the orbit slides back to the origin forming a unstable sliding limit cycle that uses both regions S L and S R . If y * < 0, then the backward orbits starting at the sliding set never returns to it and there are no sliding limit cycles. The above discussion shows that if there exists a sliding periodic orbit for system (5), then it is unique. In fact we can state the following proposition.
Proposition 1 (sliding periodic orbits
0 the system has no sliding periodic orbits; if γ L < 0 and regarding the valuesŷ > 0 and y * < b above defined, the following statements hold.
(a) Ifŷ < b then there is one sliding orbit backward in time which lives in the left zone and it is unstable.
(b) Ifŷ = b then there is one sliding orbit both backward and forward in time, which lives in the left zone and it is unstable.
(c) Ifŷ > b then the following cases arise.
(i) If 0 < y * < b then there is one sliding periodic orbit backward in time which lives in the two zones and it is unstable.
(ii) If y * = 0 then there is one unstable crossing critical cycle which is unstable.
(iii) If y * < 0 then there are no sliding periodic orbit.
In the next theorems we study the number of crossing periodic orbits. We need to introduce first a critical value of the parameter b, which corresponds to the existence of the crossing critical cycle when γ L < 0.
Then there exists one smooth function b = b CC (γ R ) with 0 < b CC (γ R ) < y and b CC (0) =ŷ/2, defined for every value of γ R such that for b = b CC (γ R ) the system has one unstable crossing critical cycle. In addition there exists ε > 0 such that for b CC (γ R ) − ε < b < b CC (γ R ) there exists one unstable crossing periodic orbit which bifurcates from the crossing critical cycle.
Before proceeding further, it should be noticed the detection for these planar Filippov piecewise linear systems of two bifurcations reported in the literature. Considering Proposition 1, in passing from the situations described in statements (a) to (b) and then to (c)(i), we see that from the existence of a one-zonal sliding periodic orbit we arrive at one two-zonal sliding periodic orbit through a critical crossing cycle, that is, we detect the so called buckling bifurcation in [14] , also named switching-sliding bifurcation in [6] , see Figure 1 . Also, by considering Proposition 2 we see that by decreasing the value of parameter b, we pass from a critical crossing cycle to a one unstable crossing periodic orbit and we get the so called CC bifurcation in [14] , also named crossing-sliding bifurcation in [6] . Now we give a lower bound for the maximum number of crossing periodic orbits, disregarding for the sake of brevity not only the possible existing sliding periodic orbits but also the crossing critical cycle that exists for b = b CC , see Proposition 2. We split the study in two different situations, speaking of opposite divergences when γ L γ R < 0 and nonopposite divergence otherwise. For this last case, we can give the exact number of crossing periodic orbits for all parameter values.
, then the following cases arise. The possible cases of opposite divergences are much more involved, and we must distinguish whether the equilibrium point is stable or not. In the case of unstable equilibrium we can characterize completely the number of crossing periodic orbits.
, then the following statements hold.
(a) If γ L + γ R 0, then there are no crossing periodic orbits.
(b) For γ L + γ R < 0 there is only one crossing periodic orbit which is stable.
In Theorems 1 and 3, we have detected a change in the number of crossing limit cycles depending on the sign of the value γ L + γ R . Obviously, this is related to the stability of the periodic orbit at infinity which exists due to the focus dynamics in both half-planes. We must expect a Hopf bifurcation at infinity when γ L + γ R = 0. As we will see in Theorem 4(e), the character (supercritical or subcritical) changes at the value b ∞ = 2(x L +x R )γ L , of the parameter b, and so the point (−γ L , b ∞ ) plays a special role on the plane (γ R , b). On the other hand, when the equilibrium is stable, we can give information about the number of crossing periodic orbits only in certain regions of the parameter space.
Theorem 4 (stable equilibrium and extremal values of b). Assuming x L < 0, x R < 0, γ L < 0 and γ R > 0 in system (5) the following statements hold.
(a) If γ L + γ R < 0 and b b CC , then there is at least one stable crossing periodic orbit. 
, there is at least one unstable crossing periodic orbit and when
there is at least one stable crossing periodic orbit.
Next, as the most interesting situation, we study some cases when the parameter b belongs to a neighborhood of b CC (γ R ), see Proposition 2.
the system has at least two crossing periodic orbits with opposite stabilities.
(b) Provided thatŷ < b ∞ , the following statements also hold.
the system has at least a stable crossing periodic orbit. In addition, there exists ε 1 > 0 such that for b CC − ε 1 < b < b CC the system has at least two crossing periodic orbits with opposite stabilities.
(ii) There exists
and b = b CC (γ R ) the system has at least two crossing periodic orbits with opposite stabilities.
the system has at least three nested crossing periodic orbits being stable the intermediate one and unstable the two other.
We emphasize that with the proof of statement (b)(ii) we have obtained for the first time an analytical argument to show the existence of at least three crossing limit cycles in two-zonal piecewise linear discontinuous systems, for which only a computer assisted proof was available, see [15] . As mentioned in the introduction, this situation was first detected in a rather specific example appeared in [13] .
To illustrate the assertions given in Theorems 1 to 5, in Figures 3  and 4 , we show a partial representative bifurcation set in the plane (γ R ,b). To fix the value of γ L , we have chosen x L = −1 and imposed a time t L = 3π/2 for the orbit coming from the point (0,ŷ) to arrive at the origin. We obtained γ L ≈ −0.27441 andŷ ≈ 3.91858. After fixing x R = −7, we are under the hypotheses of statement (b) of Theorem 5, since
In Figure 3 and in the magnified version of Figure 4 , we draw for the above values the vertical line γ R = −γ L in green. By using a standard continuation code, applied to the equations for periodic orbits obtained from the linear flow in each zone, we also draw three bifurcation curves: in red, the graph of the curve b = b CC (γ R ), recall Proposition 2; in blue, the predicted curve b SN in Theorem 2 for γ R ≤ 0 which persists for γ R > 0; also in blue, we have numerically detected another saddlenode bifurcation curve of crossing limit cycles b SN I , emanating from the point (−γ L , b ∞ ). At the line b = 0, not shown in Figure 3 , the sliding set becomes the origin, and we know from Theorem 1, that there are no crossing periodic orbits for γ R + γ L 0, while there is only one unstable crossing periodic orbit for γ R + γ L > 0.
Assume that b > 0 and γ R 0. From Theorem 2(c) we conclude that there is a unique stable crossing periodic orbit for b b CC and that there are exactly two crossing periodic orbits with opposite stabilities for b SN < b < b CC . At the curve b = b SN (γ R ), a semi-stable crossing periodic orbits appears, so that there are no crossing limit cycles for 0 < b < b SN , which is coherent with the non-existence of crossing periodic orbits when b = 0. Note that for b = b CC , the stable crossing limit cycle coexists with the unstable crossing critical cycle predicted by Proposition 2. Figures 3 and 4 , and note that the region with three limit cycles seems not bounded from the right.
Regarding the straight line γ R = −γ L in Figures 3 and 4 , from Theorem 4(e) we see that for b < b ∞ there appears a subcritical Hopf bifurcation at infinity, leading to the birth of a unstable crossing periodic orbit of big amplitude for γ R > −γ L . Analogously, for b > b ∞ there appears a supercritical Hopf bifurcation at infinity, leading to the birth of a stable crossing periodic orbit of big amplitude for γ R < −γ L . Also, at the point (−γ L , b ∞ ) we have a degenerate bifurcation point where another curve of bifurcation points corresponding to the collision of two limit cycles begins. The complete analysis of this Hopf bifurcation at infinity and its possible degeneracies will appear elsewhere.
We finish this section by noticing that the dynamical behavior for the case b < 0 can be established by using an appropriate symmetry of Table 1 . Effectively, by applying the transformation Π 1 to our system, we get a new system with γ L > 0 and b > 0. Then from Theorems 2 and 3 we easily deduce the existence of a unique stable crossing periodic orbit only for γ R + γ L < 0. Transferring this last result to our system we conclude the existence of a unique unstable crossing periodic orbit for b < 0 and γ L < 0 only when γ R + γ L > 0.
The rest of the paper is organized as follows. The Poincaré maps which constitute the main tools used through the analysis are studied in Section 3. Finally, in Section 4 the proofs of the main results are given.
Analysis of the Poincaré return map
We start by giving, the expression of the solutions in each linearity zone. For x = 0, system (5) can be written as
for appropriate values of parameters γ, σ andx. Its solutions have the form, (9) x(t) −x y(t) −ȳ = e γt cos t + γ sin t − sin t (1 + γ 2 ) sin t cos t − γ sin t x(0) −x y(0) −ȳ , whereȳ = 2γx + σ.
We also introduce the auxiliary function, see [1] ϕ γ (t) = 1 − e γt (cos t − γ sin t).
Function ϕ γ has the following symmetry properties
and the graph shown in Figure 5 . Note that function ϕ γ has relative maxima at t = ±π and for γ > 0 a first positive zero for a certain valuet ∈ (π, 2π).
−2π −π π 2π t Figure 5 . The graph of function ϕ γ (·) for a positive value of γ.
Next, we introduce some Poincaré maps which are our main tool in looking for crossing periodic orbits. For system (5), under the focus hypotheses, the direction of the flow at the line x = 0 assures that orbits starting at points (0, y) with y > 0 and big enough go into the zone S − until it again reaches Σ at a point (0, y 1 ) with y 1 0 after a time t L . Thus, we define a left Poincaré map P L as y 1 = P L (y) 0.
In order to integrate system (5) in the left zone we must put σ = 0 andx = x L in (9) . If γ L = 0, then from (9) we explicitly obtain the map P L , (10) P L (y) = −y, y 0. If x L < 0, then the point (0, 0) is a visible left tangency point and from (9) we obtain a parametric representation of the left Poincaré map P L ,
where t L ∈ (π,t L ), being ϕ |γL| (t L ) = 0. In this case the orbits must go around the real equilibrium e L located in S − . Direct computations from (11) show that the two first derivatives of the left Poincaré map when γ L = 0 are given by
Integrating the system in the zone S + from the point (0, z) with z < b, after a time t R we arrive at the point (0, z 1 ) with z 1 > b, and so we can define the right Poincaré map P R as z 1 = P R (z) > b.
In the trivial case γ R = 0, from (9) we explicitly obtain (14) P R (z) = −z + 2b, z b.
If x R < 0, the point (0, b) is a right invisible tangency point and the parametric representation of the right Poincaré map is given by,
where t R ∈ (0, π). Analogously, the two first derivatives of the right Poincaré map when γ R = 0 are given by
Finally, as the main tool in looking for crossing periodic orbits, we define the Poincaré map P as the composition P = P R •P L , to be defined for points (0, y) with y > 0 and big enough.
Next, we establish some properties of Poincaré maps when system (5) has only one equilibria which is located in the zone x < 0, that is when x L < 0 and x R < 0. We begin by considering the left Poincaré map P L .
Proposition 3 (The map P L ).
Assume that x L < 0 in system (5). Then the following statements are true for the left Poincaré map P L .
and map P L has the asymptote A L given by
Proof: Statement (a) follows from (10) and (11) . To prove statement (b) assume γ L < 0, then π < t L <t L and from (12) we get
The proof of statement (c) is analogous to the proof of statement (b).
The computation of the asymptote is straightforward and the proof is finished.
Here, we see that the proof of Proposition 1 directly follows from the properties of left Poincaré map given in Proposition 3 and the discussion done above the statement of Proposition 1.
The following proposition about the right Poincaré map is similar and it is given without proof.
Proposition 4 (The map P R ). Assuming x R < 0 in system (5), the following statements hold for the right Poincaré map P R . and satisfies sign P −1
. As a consequence of the above results we obtain some properties for the complete Poincaré map. In Figure 6 the left and right Poincaré maps are shown for different values of parameters γ L and γ R . Proposition 5 (The full Poincaré map). Assuming x L < 0 and x R < 0 in system (5), the following statements hold.
(a) The Poincaré map P is well defined for y y P 0 where, as defined in Proposition 3(b), y P =ŷ for γ L < 0 and y P = 0 when γ L 0.
(c) If γ L = 0, then P (y) = P R (−y) and sign P ′′ (y) = − sign γ R .
(d) For all y > y P , the derivative of map P is given by
and satisfies
Proof: Statements (a), (b), and (c) directly follows from Propositions 3 and 4. Statement (d) can be easily deduced from Propositions 3, 4 and the chain rule.
Remark 2. It is worth noting that from Proposition 5(d), it is direct to deduce the stability of the point at infinity. More precisely, if γ R + γ L < 0, then the point at infinity is unstable while is stable for γ R + γ L > 0.
Proof of main results
First, we review a necessary condition for the existence of crossing periodic orbits. A crossing periodic orbit Γ has exactly two points at the y-axis, namely the two points (0, y L ) and (0, y U ) with y L < 0 b < y U = y L + h, with h > 0. We can define, by removing the two crossing points, the left open arc Γ L = Γ ∩ S − , the right open arc Γ R = Γ ∩ S + , and the oriented segments,
and the value σ L = area (Ω L ) are well defined. Analogously, it can be considered Ω R = int {Γ R ∪ I R } and σ R = area (Ω R ). Then, according to Proposition 3.6 of [9] , if system (5) has a crossing periodic orbit passing through the points (0, y L ) and (0, y L + h) where h > 0, then
Remark 3. We remark that in the two cases (i)
, the equality (18) cannot be fulfilled and so, system (5) cannot have crossing limit cycles.
In the following we will tackle the proofs of the different assertions given in Section 2. Next we consider the proof of Theorem 1. When the divergence are opposite, that is γ R γ L < 0, then by using the transformation Π 1 if necessary, see Table 1 , we see that it is enough to consider γ L < 0 and γ R > 0.
Firstly, we will prove that Poincaré map P has at most a fixed point. Assuming γ L < 0, from Proposition 5(a), a valueŷ > 0 exists such that the Poincaré map is defined for y y P =ŷ and P (ŷ) = 0. For y y P , we introduce the function ν(y) = γ L t L + γ R t R , with π < t L <t L and 0 < t R < π, where t L is the phase needed in (11) to obtain P L and t R is the corresponding phase in (15) to determine z = P L (y) and P R (z) = P (y). In this case, when y increases t L becomes smaller and t R becomes bigger and so the function ν(y) is increasing.
From Proposition 5(d), taking into account that b = 0 the derivative of the Poincaré map at a fixed pointȳ, if any, reduces to P ′ (ȳ) = e 2ν(ȳ) . Suppose now that map P has several fixed points and letȳ 1 be the smallest one. Then it is easy to see that P ′ (ȳ 1 ) 1, and so ν(ȳ 1 ) 0. Taking the next fixed pointȳ 2 >ȳ 1 , the only possibility is
because two consecutive fixed points with derivatives greater than 1 are not allowed. In this situation, for points y ∈ (ȳ 1 ,ȳ 2 ) we have y > P (y) and ν(y) > 0, so putting b = 0 in Proposition 5(d) we get P ′ (y) > 1 for all y ∈ (ȳ 1 ,ȳ 2 ), which leads to a contradiction with the mean value theorem in such interval. Therefore, the map P has at most only one fixed point.
(c) As mentioned before, we can assume without loss of generality γ L < 0 and so γ L + γ R 0. Suppose also that the Poincaré map has a fixed pointȳ, then we must have ν(ȳ) 0. But in this case, we have
We get a contradiction, so the map P has no fixed points and there are no crossing periodic orbits. adequately, we deduce that P (y) > y when y is big enough. Consequently, from the intermediate value theorem there exists a valueȳ with P (ȳ) =ȳ and P ′ (ȳ) > 1, i.e. system (5) has only one crossing limit cycle, which is unstable.
In the following, the existence of periodic orbits in system (5) for b > 0 is considered. Note that the left Poincaré map does not depends upon the parameter b, but both Poincaré maps P R and P −1 R depend on the parameter b in a rather specific way. In fact, if we make explicit the dependence on b in the notation, from (14) and (15) we see that
R (y − b; 0). In short, the graph of P Ifȳ is a fixed point of the Poincaré map P, then P (ȳ) = P R (P L (ȳ); b) = y, and so P L (ȳ) = P −1 R (ȳ; b). Hence the existence of crossing periodic orbits is equivalent to the existence of zeroes with y > y P of the function
, well defined when both y y P and y b, where y P 0 satisfies y P =ŷ for γ L < 0 and y P = 0 otherwise.
If we use
′ to denote the derivatives with respect to the variable y, the two first derivatives of the function Ψ when y =ŷ read as
In the next lemma some properties of the function Ψ are introduced.
If in additionȳ =ŷ and Ψ is decreasing (respectively increasing) with respect to variable y at the pointȳ, thenȳ corresponds to a stable (respectively unstable) crossing periodic orbit. In particular, if Ψ ′ (ȳ; b) < 0, thenȳ corresponds to a stable crossing periodic orbit (respectively, unstable for Ψ ′ (ȳ; b) > 0). Furthermore, we have
(c) The function Ψ and its derivative with respect to the parameter b satisfy the inequalities
and so function Ψ has at most two zeroes.
R (y; b) and applying to this inequality P R , which is decreasing, we get P (y) > y. Analogously, when Ψ(y; b) < 0, we get P (y) < y.
(b) If Ψ(ȳ; b) = 0, then it directly follows P (ȳ) =ȳ. If the function Ψ is decreasing (respectively, increasing) then h(p) = P (p)−p is also decreasing (respectively, increasing) andp corresponds to a stable (respectively unstable) crossing periodic orbit. The other assertions of this statement are direct. Of course, the function Ψ depends on the values γ R and γ L . When necessary, we will introduce the explicit dependence on the parameter γ R , keeping fixed the value of γ L if the contrary it is not stated, so that we can use the notation Ψ(y; b; γ R ).
As the function Ψ is real analytic, we can assure that, in every compact interval where the function Ψ has opposite signs at its endpoints, its number of zeroes is finite and so, there exists at least one zero where the function Ψ is strictly monotone, either increasing or decreasing. More precisely, if Ψ(y 1 ;b,γ R )Ψ(y 2 ;b,γ R ) < 0, then there exists at least a valueȳ with y 1 <ȳ < y 2 , such that Ψ(ȳ;b,γ R ) = 0, and Ψ is a monotone function in the variable y at the pointȳ. Therefore, if Ψ(y 1 ;b,γ R ) > Ψ(y 2 ;b,γ R ) we can assure the existence of a stable crossing limit cycle, and when Ψ(y 1 ;b,γ R ) < Ψ(y 2 ;b,γ R ) the existence of an unstable crossing limit cycle.
Here, we state an important remark about persistence of crossing periodic orbits. and sign Ψ(ȳ + β;b + ε 1 ,γ R + ε 2 ) = sign Ψ(ȳ + β;b,γ R ). Then, there exists at least a value ε 3 such that Ψ(ȳ +ε 3 ;b+ε 1 ,γ R +ε 2 ) = 0, and with the function Ψ(y;b + ε 1 ,γ R + ε 2 ) having the same type of monotonicity at the pointsȳ andȳ + ε 3 . Hence, the assumed crossing periodic orbit persists with the same stability under a sufficiently small perturbation in parameters b and γ R .
Next, we will analyze the persistence of the crossing critical cycle, that is the persistence of the zeroes Ψ(ŷ; b) = 0. First we present a technical lemma. 
Clearly, we have Ψ(ŷ;
This configuration corresponds to a critical crossing cycle. Furthermore, it is easy to see that the orbits living in the interior of the crossing critical cycle evolve toward the origin while from Proposition 5 we get lim
Hence this critical crossing cycle must be unstable. 
From Proposition 3(b) we have lim y→ŷ + P ′ L (y) = −∞, and we can assure that for all ε > 0 there exists M > 0 with M + K > 0, such that y < y ŷ + ε implies
Then Ψ(ŷ; b) < 0, while from (23) and (24) we have
so there exists at least a valueȳ withŷ <ȳ <ŷ + ε and Ψ(ȳ; b) = 0. Moreover, it is easy to see that P ′ (ȳ) > 1, soȳ corresponds to a unstable crossing limit cycle.
Remark 5. We remark that under the conditions of Proposition 2, we have seen from (25) that there exists ε > 0 such that Ψ(ŷ + ε; b CC ) > 0.
Here, the proof of Theorem 2 follows.
Proof of Theorem 2: (a) See Remark 3.
(b) If γ L = 0, the only equilibrium point is a center. If additionally γ R < 0, from Proposition 5(c) we get P ′′ (y) > 0 always. Since P (0) = P R (0) > b and lim P ′ y→∞ (y) < 1, from the concavity of map P we conclude the existence of a unique pointȳ with P (ȳ) =ȳ. Moreover, as P ′ (ȳ) < 1, the corresponding crossing periodic orbit is stable.
(c) Since γ R γ L 0 and γ R + γ L < 0, from Lemma 1(d) we have Ψ ′′ (y; b) < 0, and so system (5) has at most two crossing periodic orbits and from (22) we get δ ∞ < 0. Then different cases arise. Since P (0) > 0, by using adequately the mean value theorem, we deduce that a pointȳ exists with P (ȳ) =ȳ, and the system has a crossing periodic orbit. Next we will prove the uniqueness of the fixed pointȳ. Assume on the contrary that Poincaré map P has at least the two fixed points b <ȳ 1 <ȳ 2 whereȳ 1 is the smallest fixed point andȳ 2 is the consecutive one, then P ′ (ȳ 1 ) 1 and P ′ (ȳ 2 ) 1. From Proposition 5(d) we obtain the derivative of Poincaré map at the fixed pointsȳ i , i = 1, 2 as follows,
Now, it is easy to see that
and so P ′ (ȳ 2 ) < P ′ (ȳ 1 ) 1, which leads to a contradiction, and the system has only one crossing periodic orbit which is stable. Since γ L + γ R 0 then the slope of the asymptote A R −1 is greater than the slope of the asymptote A L and for b > M =ŷ 1 + e γRπ − 2x R γ R we get y ASR >ŷ, that is A R −1 (y) > L(y). Thus, y >ŷ we have (ii) Take γ R = −γ L + ε 2 with ε 2 > 0 and b = b CC (γ R ), see again Proposition 2. Now, according to Remark 4, the stable limit cycle existing for γ R = −γ L persists, that is there exists a point y 1 with P (y 1 ) = y 1 and P ′ (y 1 ) < 1. Since lim y→∞ P ′ (y) = e (γR+γL)π > 1, a trivial analysis of the Poincaré map shows that there exists other point y 2 > y 1 with P (y 2 ) = y 2 and P ′ (y 2 ) > 1 which corresponds to a unstable limit cycle, see Figure 10 . Take now γ R = −γ L + ε 2 and b = b CC (γ R ) as before. If we perturb the parameter b putting b = b CC − ε 3 , then according to Remark 4 the two crossing periodic orbits persist and according to Proposition 2 one unstable limit cycle bifurcates from the crossing critical cycle. Hence we have three crossing periodic orbits, see Figure 11 , and we are done. Figure 11 . The Poincaré maps P L (blue) and P −1 R (red), for 0 < −γ L < γ R < −γ L + ε 2 and b = b CC (γ R ) − ε 3 , showing the existence of three crossing limit cycles.
